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Abstract
We study and develop a very new object introduced by V.I. Arnold: a monad is a triple consisting of a
finite set, a map from that finite set to itself and the monad graph which is the directed graph whose vertices
are the elements of the finite set and whose arrows lead each vertex to its image (by the map). We consider
the case in which the finite set entering in the monad definition is a finite group G and the map f :G → G
is the Frobenius map fk :x → xk , for some k ∈ Z. We study the Frobenius dynamical system defined by
the iteration of the monad fk , and also study the combinatorics and topology (i.e., the discrete invariants) of
the monad graph. Our study provides useful information about several structures on the group associated to
the monad graph. So, for example, several properties of the quadratic residues of finite commutative groups
can be obtained in terms of the graph of the Frobenius monad f2 :x → x2.
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1. Introduction: monads and its graphs
In [1,2], V.I. Arnold considered a very natural and general object that he called monad. It
happens that monads appear in many branches of mathematics as (for example) theory of finite
groups, number theory and discrete dynamical systems.
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378 R. Uribe-Vargas / Bull. Sci. math. 130 (2006) 377–402Definition. A monad is a triple (S,f,Γ ), where S is a finite set, f :S → S is a map from S to
itself and Γ is the directed graph, called monad graph, whose vertices are the elements of the
finite set and whose oriented edges (arrows) lead each vertex directly to its image (where it is
sent by f ).
In other words, a monad graph is an arbitrary directed graph, such that from every vertex
there starts exactly one arrow. Evidently, any such directed graph defines uniquely a map from
the set S (of vertices) into itself and vise-versa. We will therefore call monad indifferently (but
depending on the context) the map f :S → S as well as the monad graph.
The iteration of the monad map f :S → S defines a discrete dynamical system on the finite
set S (and on the monad graph Γ ):
x → f (x) → f 2(x) → f 3(x) → . . . , where f j+1(x) := f (f j (x)).
The fundamental (and elementary) topological property of the dynamical systems associated to
monads and their graphs is that (see for instance [2]):
Each connected component of any monad graph consists either of a cycle or of an attracting
cycle framed by rooted trees (whose roots are points of the attracting cycle).
Convention. To avoid the repetition of long sentences, we will often write a component of the
monad instead of a connected component of the graph of the monad. A vertex lying on the cycle
(attracting or not) of a component of a monad will be called cycle vertex (of that monad).
If the finite set entering in the definition of monad is provided with some structure (for in-
stance, a group or a ring structure) then the study of the combinatorics of the graph associated to
the monad and of the discrete invariants of the dynamical system defined by the iteration of the
monad map can provide useful information about the structure defined on that finite set.
In [2], Arnold considered the squaring monads, sending each element of a finite group (or of
a finite ring) to its square, x → x2.
Definition (The Euler group). For an integer n > 1, we write Zn for the ring of residues mod-
ulo n. The Abelian multiplicative group of residues a ∈ Zn, with (a,n) = 1, is called the Euler
group E(n) and its order is denoted by ϕ(n). The function ϕ :n → |E(n)| = ϕ(n), is classically
known as Euler function.
Example. The graph of the squaring monad, x → x2, for the Euler group E(11), consists of two
connected components shown in Fig. 1. For example, 22 ≡ 4 (mod 11), 42 ≡ 5 (mod 11) and
52 ≡ 3 (mod 11).
Fig. 1. The graph of the squaring monad for the Euler group E(11).
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is the case for the component {1,10} depicted in Fig. 1. For the second component the length of
the cycle is 4.
V.I. Arnold studied the squaring monads, at first, for commutative groups [2]:
Each connected component of the graph of the squaring monad of a finite commutative group
is a cycle, framed homogeneously (by isomorphic trees attached to each of its vertices).
The framing tree has 2k vertices (including the root vertex, belonging to the attracting
cycle), and this tree is the product of binary trees (defined below).
The binary tree T n2 (having 2n vertices) consists of the root vertex and of n floors, such that
to each vertex of the ith floor there lead exactly two arrows, from two vertices belonging to the
(i + 1)st floor, for i = 1,2, . . . , n− 1 (a vertex belongs to the ith floor if it is separated from the
attracting cycle by i arrows). The root of a binary tree is also reached by exactly two arrows: one
issued from the root itself and the other from the unique vertex of the first floor.
In the case of non commutative finite groups V.I. Arnold also proved that the trees framing
each attracting cycle are homogeneous [2], but it is unknown if the framing trees have some
special structure:
Homogeneity Theorem. Given a component of the squaring monad x → x2 of any finite group,
the framing trees of the attracting cycle are homogeneous (the rooted trees attracted by the
vertices of the cycle are all isomorphic – as directed graphs – along that component).
In this paper we consider the Frobenius monads sending each element of a finite group G
to its kth power, fk :x → xk , k ∈ N. For these monads, we simplify Arnold’s constructions and
provide new results, for instance:
• Arnold’s Homogeneity Theorem is generalised for fk .
• The vertices of the graph of the Frobenius monad fk are organised in that graph according
to their order as elements of the finite group G (we show explicitly such distribution).
• If the group G is commutative then the trees framing the components of the monad fk are
isomorphic not only along each component but along the whole monad graph.
• If the group G is commutative then the connected component of the unity element is a
subgroup of G and the union of all attracting cycles is also a subgroup of G.
2. Squaring monads of finite groups
Besides the homogeneity property of the framing trees for the squaring monad, the following
theorem shows that the vertices of each component of the squaring monad of a finite group are
organised in the monad graph according to their order as elements of that finite group. To state
the theorem we need the following definition.
Definition. A vertex of a component of the monad graph has rank r (or it lives in the r th floor of
that component) if it is separated from the attracting cycle by r arrows. If b has rank i we will
write r(b) = i.
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Theorem 1. The graph of the squaring monad of a finite group establishes a hierarchy between
the elements of that group:
(i) If b and b′ are two vertices of the same component of the squaring monad, then r(b) = r(b′)
implies that the order of b equals the order of b′.
(ii) The graph distinguishes the odd from the even order elements: all vertices of the attracting
cycles are of odd order while all non-root vertices of the attracted trees are of even order.
(iii) At each connected component of the graph all elements lying at the r th floor (i.e., having
rank r) have order 2rα, where α is the order of the elements belonging to the attracting
cycle of that component.
Theorem 1 is a particular case of Theorem 2, stated and proved in Section 3.
Definition 1. A simple cycle of period j is a connected component (of a monad graph) having j
vertices and such that to each vertex leads exactly 1 arrow. It is noted by Oj .
The framed cycle Oj ∗ T n2 consists of an attracting cycle of period j , with the framing binary
tree T n2 attached at each of its vertices.
This notation Oj ∗ T n2 is justified by the following general construction of [2] that we recall
now.
Definition 2. The multiplication (or product) of two monads f and g, acting respectively on the
sets X and Y , is defined as the component-wise action of both monad maps on the direct product
X × Y :
(f ∗ g)(x, y) = (f x, gy).
So, the number of elements in the set associated to the product of two monads is the product
of the cardinalities of the factors.
Definition 3. The product of two monad graphs is by definition the monad graph of the product
of the corresponding monads. We denote this multiplication of graphs by the same symbol ∗:[
graph(f )
] ∗ [graph(g)] = [graph(f ∗ g)].
It is obvious that this associative multiplication “∗” possesses the distributivity property with
respect to the disjoint union “+” and it can be considered commutative similarly to the union
(because of the natural isomorphisms A+B ∼ B +A, A ∗B ∼ B ∗A).
Multiplying an arbitrary rooted tree A by the simple cycle On we equip the n-cycle On with
rooted trees identical to A planted at all vertices of the cycle.
For the multiplication table of the graphs, we again refer the reader to [2]. We present here
just one example from [2].
Example 1. The product of cyclic monads Om and On is a sum of identical cyclic monads.
Namely,
Om ∗On = dOc,
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where the number of summands d = (m,n) is the greatest common divisor of the periods m
and n, and the period c = mn/d , of each summand, is their least common multiple.
Example 2. Consider the Euler group E(125), containing 100 elements. The squaring monad
graph of this group consist of 3 connected components having 4, 16 and 80 vertices. The framed
cycles being O1 ∗T 22 , O4 ∗T 22 and O20 ∗T 22 , respectively. We show at first the small components
of the squaring monad (see Fig. 2).
The extremal points of the graph (points for which no arrow ends at them), like 57 and 68 in
O1 ∗ T 22 or like 7 and 118 in O4 ∗ T 22 are not squares of something modulo 125. That is, they are
not quadratic residues (mod 125) or, in other words, equations like x2 ≡ 68 (mod 125) or x2 ≡ 7
(mod 125) have no integer solution.
Fig. 3. Graph of the largest component of the squaring monad of E(125).
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quadratic residues modulo 125, see Fig. 3 (taken from [2]).
Since 100 = 22 · 52, part (ii) of Theorem 1 implies that the elements of the cycles can
only be of order 1, 5 or 25. Evidently, 1 is of order 1. The cycle-elements of the component
O4 ∗ T 22 are of order 5: one can check that 265 ≡ 1 (mod 125), which follows from the fact that
26 · 101 ≡ 1 (mod 125) and 101 ≡ 264 (mod 125). Finally, the order of the cycle-elements of
O20 ∗ T 22 equals 25, since it is not 5: for instance (see Fig. 3) the following congruences hold,
65 ≡ 6 · 46 (mod 125) and 6 · 46 	≡ 1 (mod 125).
Theorem 1 implies that the orders of the extremal vertices of the components O1 ∗T 22 , O4 ∗T 22
and O20 ∗ T 22 , are 22, 22 · 5 and 22 · 25, respectively. Thus an element of E(125) is a quadratic
residue modulo 125 if and only if its order is not a multiple of 22.
Corollary (of Theorem 1). All connected components of the squaring graph of a finite group of
odd order are simple cycles.
3. On Frobenius monads, fk :x → xk , of finite groups
Various theorems on the graphs of the squaring monads of finite groups generalise to the
Frobenius monad fk :x → xk , for any k ∈ N. Some theorems generalise only when k is prime.
Write o(b) for the order of the element b of a finite group.
Theorem 2. Let p be a prime number. The graph of the Frobenius monad x → xp of a finite
group establishes a hierarchy between the elements of that group:
(i) If two vertices of the same component of the monad have equal rank then they have also
equal order in the group.
(ii) A vertex c belongs to an attracting cycle if and only its order is not multiple of p.
(iii) Given a component of the monad, the order of all its elements lying at the r th floor (i.e.,
having rank r) equals prα, where α is the order of the cycle-vertices of that component.
For the general Frobenius monad, x → xk , k ∈ N, we have the next theorem whose proof
follows similar steps to those of the proof of Theorem 2, but with more details to verify. Thus we
will not give the proof here.
Theorem 3. The graph of the Frobenius monad x → xk , k ∈ N, of a finite group establishes a
hierarchy between the elements of that group:
(i) The graph distinguishes the elements whose order is prime relative to k from those whose
order is not prime relative to k: A vertex belongs to an attracting cycle if and only if its order
in the group is prime relative to k.
(ii) The order of each element b lying at the r th floor of a component of the graph (i.e., having
rank r) is of the form κ1 · κ2 · · ·κr · α, where κi 	= 1 (i = 1, . . . , r) divides k, and α is the
order of the cycle-vertices of that component. Moreover, the order of the ‘next vertex’, c = bk ,
equals κ1 · κ2 · · ·κr−1 · α.
Remark. For this general case, k ∈ N, there exist monad graphs which possess two different
vertices having the same rank and the same kth power, but having different orders:
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Example 3. The graph of the Frobenius monad f6 :x → 6x for the additive group of residues
Z12 is depicted in Fig. 4.
The orders of all elements of ranks 1 and 2 are given in the following table:
rank 1 o(2) = 6 o(4) = 3 o(6) = 2 o(8) = 3 o(10) = 6
rank 2 o(1) = 12 o(3) = 4 o(5) = 12 o(7) = 12 o(9) = 4 o(11) = 12
All elements of rank 2 are attracted by the residue 6, and hence (by Theorem 3) their orders
are multiples of 2 = o(6).
Corollary (of Theorem 3). Let G be a finite group, and n, m be any relatively prime integers.
The set of primitive n-roots {a ∈ G: an = 1, aj 	= 1, 0 < j < n} is closed under the m-power
operation x → xm.
3.1. On the lengths of the cycles
The following two results, which are very useful, concern the finite order elements of any
group (finite or infinite). They show that the lengths of the cycles of the monad graph for the
Frobenius map fk do not depend on the finiteness of the group and even do not depend on
the nature of the group itself. The lengths of the cycles depend only on the arithmetic relations
between the order of the cycle-elements and the integer number k.
Periodicity Relation Lemma. Consider the iterations of the Frobenius map fk on a group G
(finite or infinite). An element c belongs to a cycle of period Λ, if and only if :
(i) the order of c in G (denoted by o(c)) is finite; and
(ii) Λ is the smallest positive integer satisfying the following periodicity relation:
ck
Λ−1 = 1; (1)
Moreover,
(a) o(c) divides kΛ − 1: o(c)|kΛ − 1;
(b) o(c) is relatively prime to k: (o(c), k) = 1; and
(c) all elements of that cycle {c, ck, ck2, . . . , ckΛ−1} have the same order.
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vertices {c, ck, ck2 , . . . , ckΛ−1}, the next vertex of the cycle is ckΛ = c, proving that Λ is the
smallest integer satisfying ckΛ−1 = 1 and that o(c) is finite. The converse is evident.
Item (a) follows from Equality (1).
Item (a) and the obvious equality (kΛ − 1, k) = 1 imply that (o(c), k) = 1, proving item (b).
Let α be the order of an element c of a cycle of period Λ. For the next element in the cycle, ck ,
the equality (ck)α = (cα)k = 1 implies α = o(c) o(ck). In the same way we obtain a sequence
of inequalities:
α = o(c) o(ck) · · · o(ckΛ−1) o(ckΛ) = o(c) = α,
which imply that o(cki ) = α, i = 0,1, . . . ,Λ − 1. Thus all vertices of that cycle have order α,
proving item (c). 
The following theorem provides useful information about the possible lengths of the cycles of
the dynamical system associated to a Frobenius map.
Cycle-Length Theorem. Consider the iterations of the Frobenius map fk on a group (finite or
infinite). The length (or period) Λα of all cycles whose elements have order α 	= 1 is equal to the
order of k in the Euler group E(α) of residues modulo α. In particular, Λα < α and Λα|ϕ(α).
Proof. Let c be a cycle-vertex of order α. The periodicity relation lemma implies that Λ is the
smallest positive integer such that kΛ ≡ 1 (mod α). This means Λ is the order of k in the Euler
group E(α). Euler’s Theorem implies Λ|ϕ(α). 
Proof of Theorem 2. Item (ii) of Theorem 2 (and item (i) of Theorem 3) follow from Periodicity
Relation Lemma.
Let b be a vertex of rank 1 such that bp = c, and write β for the order of b. On one hand,
the equalities cβ = (bp)β = (bβ)p = 1 imply that α divides β: ∃x ∈ Z such that β = αx. On the
other hand, the equality bpα = cα = 1 implies that β divides pα: ∃y ∈ Z such that pα = βy.
We have thus p = xy, that is, x = 1 or y = 1. We will prove that only the equality y = 1 is
possible. The equality x = 1 would imply that β = α: bα = 1. Thus the fact that α divides pΛ−1
would imply that 1 = bpΛ−1, which would lead to b = bpΛ = cpΛ−1 , contradicting the fact that
r(b) = 1. Thus β = pα, that is, the order of all vertices of rank 1 (of this connected component)
equals pα, proving Theorem 2 for the vertices of rank 1.
Now, let a be a vertex of rank s > 1 of the tree attracted by c, that is aps = c. Write γ for the
order of a. We will prove by induction that γ = psα. Suppose that at this component each vertex
b having rank r(b) = 	 < s, has order o(b) = p	α. The vertex b = ap has rank s −1 and satisfies
bγ = (ap)γ = (aγ )p = 1, implying that the order of b, o(b) = ps−1α, divides γ : ∃X ∈ Z such
that γ = ps−1αX. Moreover, the equalities apsα = bps−1α = 1 imply that γ divides psα: ∃Y ∈ Z
such that psα = γ Y . We have thus that p = XY , i.e., X = 1 or Y = 1. As before, we will prove
that Y = 1. The equality X = 1 would lead to γ = ps−1α, that is, aps−1α = 1. This would lead to
bp
s−2α = 1, which contradicts the fact that o(b) = ps−1α. So X = p and then all vertices of rank
s (of this connected component) have the same order, psα. Theorem 2 is thus proved. 
We generalise Arnold homogeneity theorem for every Frobenius monad x → xk , k ∈ N:
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trees of the attracting cycle are homogeneous (the rooted trees attracted by the vertices of the
cycle are all isomorphic along that component).
Theorem 4 will be proved in Section 3.2.
3.2. The cycle-maps
To prove Theorem 4, we will construct some maps sending the tree attracted by a vertex c, of
the attracting cycle, to the tree attracted by the next cycle-vertex ck .
Consider the Frobenius monad fk on a finite group G.
Definition. For each m ∈ Z, with (k,m) = 1, we define the cycle-map Pm of the α-components
of fk as the map sending any vertex b to the vertex Pmb = bk+mα .
Definition 4. Let S be a finite set, and f :S → S a monad map. A map g :S → S is said to be a
morphism of the monad f (or monadomorphism of f ) if it commutes with f : g(f (b)) = f (g(b))
for any b ∈ S.
In other words: if the vertices b and c are joined by an arrow of the graph of f (c = f (b)) then
their images under g are also joined by an arrow of the graph of f (g(c) = f (g(b))). Although
this definition is given for the general monads (on arbitrary finite sets), we return to our monads
on finite groups.
Lemma 1. For any 	 ∈ Z, the map g :b → b	 is a monadomorphism of fk .
Proof. g(fk(b)) = g(bk) = (bk)	 = (b	)k = (g(b))k = fk(g(b)). 
Corollary. The cycle-maps Pmb = bk+mα are morphisms of the monad fk .
In the sequel, we will note the cycle-map Pm just by P .
Lemma 2. If two different vertices b and b′ of an α-component of the monad fk have the same
kth power, bk = (b′)k , then the vertices P(b) and P(b′) are also different.
Proof. Write 
 for the residue of m (mod k): m = 	k + 
, with 0 < 
 < k. Since (k,m) = 1, we
have (
, k) = 1 and, by Theorem 3 we have (α, k) = 1. These equalities imply the existence of
integers 1, 2 and x, y such that
1k + 2
 = 1 and (∗)
xα + yk = 1. (∗∗)
The definition of the cycle-maps and the equality bk = (b′)k imply the following identities
Pb = (bk)1+	α · b
α, Pb′ = (bk)1+	α · (b′)
α.
The equality Pb = Pb′ would then imply b
α = (b′)
α , implying also that b
α2 = (b′)
α2 . The
last equality together with the equation 1k + 2
 = 1, would lead to
bα · (bk)−α1 = (b′)α · ((b′)k)−α1,
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Lemma 2 is proved. 
Lemma 3. The image of a vertex of rank 1 under the cycle-map P can’t belong to the attracting
cycle (and hence it has rank 1).
Proof. Let b be a vertex of rank 1. As in the proof of Lemma 2, write 
 for the residue of m
(mod k): m = 	k + 
, with 0 < 
 < k.
If the vertex P(b) were in the attracting cycle then it would be a power cki of the cycle-vertex
c = bk . In such case the equalities (P (b))k = P(bk) = P(c) = ck would imply that P(b) = c,
that is, c = bk+mα = (bk)1+	α · b
α .
The equality c = bk would thus imply that
c = c1+	α · b
α = c · b
α,
that is, 1 = b
α . The last equality together with Eq. (∗) (in the proof of Lemma 2), would lead to
1 = b(1−1k)α = bα · bkα(−1) = bα · (cα)(−1) = bα.
The fact that α divides kΛ − 1 would imply (by the periodicity relation) that 1 = bkΛ−1,
leading to b = bkΛ = ckΛ−1 , and hence contradicting the fact that r(b) = 1. 
Proof of Theorem 4. Theorem 4 follows from the following proposition. 
Proposition 1. The cycle-maps of each α-component of the monad fk send the tree attracted by
any cycle-vertex c isomorphically onto the tree attracted by the next vertex: ck (preserving in
particular the rank of the vertices).
Proof. Let ni be the number of vertices of the tree attracted by the vertex ci of the attracting
cycle {c0 = c, c1 = ck, . . . , ci = cki , . . .} (i = 0,1, . . . ,Λ − 1). The isomorphisms into the next
trees considered in Lemmas 1–3 imply the sequence of inequalities
n0  n1  · · · nΛ.
The Λ-periodicity of the cycle implies that nΛ = n0, implying the equality of all numbers ni .
Hence all these Λ attracted trees are isomorphic, proving Proposition 1 and hence proving The-
orem 4. 
3.3. The big cycle-maps
We will construct a monadomorphism of the Frobenius monad fk , which is a cycle-map for
all components of the monad simultaneously (sending isomorphically the tree attracted by a
cycle-vertex onto the tree attracted by the next vertex).
Let G be a finite group and k 	= 0 be an integer number.
Definition 5. Write OG,k for the set of orders of all the cycle-vertices of the monad fk :
OG,k =
{
αi ∈ N: (αi, k) = 1 and ∃ci ∈ G such that o(ci) = αi
}
.
Let A be the least common multiple of all αi in OG,k . For each integer n, with (n, k) = 1, we
define a big cycle-map of the monad fk as the map
Bn :b → Bnb = bk+nA.
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monad and (for all components of the monad simultaneously) it sends isomorphically the tree
attracted by a cycle-vertex c onto the tree attracted by the next vertex ck .
Proof. Let Ai = A/αi , where αi is the order of some cycle-vertex of the monad fk and
A is taken as in Definition 5. The big cycle-map Bn of the monad fk can be written as
Bnb = bk+nA = bk+(nAi)αi , where (nAi, k) = 1 (since (k, n) = 1). Thus, the big cycle-maps
of the monad fk are cycle-maps for each αi -component of that monad. Our proposition follows
from Proposition 1. 
Even when the attracting cycle of a connected component has period 1, the cycle-map (or the
big cycle-map) may be non trivial.
Example 4. The graph of the squaring monad x → x2 for the multiplicative group E(17) of
residues modulo 17 consists of a single component whose attracting cycle has a single vertex
of order α = 1 (see Fig. 5). For m = −1 the cycle-map Pb = b2+mα is the identity. However
for m = 1 the cycle-map is Pb = b3. This map sends the graph isomorphically onto itself but
permutes the vertices lying on the same floor. For instance (see Fig. 5), 43 ≡ 13 (mod 17) and
133 ≡ 4 (mod 17).
Remark. The preceding example shows that the cubing monad f3 :x → x3 of the Euler group
E(17) consists of 7 components (all of them simple cycles):[
graph(f3,Z17)
] = 2O1 + 3O2 + 2O4.
The big cycle-maps of the Frobenius monad fk :x → xk can also be considered as monads
acting on the graph of the monad fk .
Theorem 5. Every component of the Frobenius monad fk :x → xk of a finite group is de-
composed by each big cycle-map monad Bn :x → xk+nA into simple cycles whose periods are
multiples of the period of the cycle of that component.
Lemma 4. Each cycle-map Pm of any component of the Frobenius monad fk (Pm being con-
sidered as a monad acting on that component) decomposes that component into simple cycles
whose lengths are multiples of the length of the cycle of that component.
Fig. 5. The graph of the squaring monad in E(17) and the cycle-map Pb = b3.
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vertex of this component is the image, under P , of exactly one vertex (of the same rank) lying
on the preceding tree of that component. Evidently, the cycle of that component is also a cycle
of the monad P defined by the cycle-map. Let Λ be the period of this cycle. For each vertex b
of positive rank, the vertex BΛb lies in the same tree that b, but it may coincide or not with b.
Since the number of vertices is finite, there exists an integer 	 1 such that P 	·Λb = b.
This proves that P decomposes that component into simple cycles whose periods are multiples
of Λ.
Proof of Theorem 5. Theorem 5 follows from Lemma 4, since each big cycle-map of the monad
fk is a cycle map of each component of fk .
3.4. The monodromy of the cycle maps
Consider a component of the Frobenius monad fk on a finite group and write Λ for the period
of its attracting cycle. The Λ-iteration of each cycle-map M = PΛ of this component sends the
tree attracted by any cycle-vertex of this component isomorphically onto itself. Similarly, writing
τ for the least common multiple of the periods Λ1, . . . ,Λs of all components of the monad fk on
a finite group, the τ -iteration of any big cycle-map M = Bτ of the monad sends the tree attracted
by any cycle-vertex of the monad isomorphically onto itself.
Definition 6. The Λ-iteration M = PΛ, of each cycle-map P of a component of period Λ (or
of each big cycle-map B of the monad fk), is called the monodromy of the cycle-map P on that
component (resp. monodromy of B on the whole monad graph).
Evidently the monodromy acts identically on the roots of the trees (r = 0), but might be
nontrivial at the higher floors. In [2], Arnold constructed for the squaring monad a single cycle-
map taking each vertex b of rank r to the vertex Pb = bx , where x = (2r − 1)(2Λ − 1) + 2.
Indeed, it can be shown that Arnold’s cycle-map does not depend on the rank and is a particular
case of our cycle-maps. Also in [2], Arnold put the problem about the existence of squaring
monads having components with nontrivial monodromy.
We will show that there exist finite groups for which the squaring monad has nontrivial mon-
odromy. However, the monodromy of the squaring monad (on any finite group) acts identically
not only on the roots of the trees but also on the first floor vertices (r = 1):
Theorem 6. For any component of the squaring monad f2 :x → x2 of any finite group, the
monodromy of any cycle-map acts always trivially on the first floor vertices of that component.
In order to prove Theorem 6 and the propositions below, we will explain a way to determine
the (non)triviality of the monodromy.
3.4.1. How to determine the (non)triviality of the monodromy?
Consider an α-component of the Frobenius monad fk of a finite group. Let P be a cycle map
of this component.
For each vertex b of positive rank, the cycle map P determines the sequence of vertices
{b,Pb,P 2b, . . . ,PΛ−1b} in our component, where Λ is the length of the attracting cycle of our
α-component. These vertices are different, since they belong to different trees. Now, although
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with b.
If Mb = b, then the above sequence of vertices forms a cycle of length Λ (of the Frobenius
monad fk+mα defined by the cycle map P :b → bk+mα) and conversely. We know, by Lemma 4,
that our component is decomposed by P into simple cycles whose lengths are multiples of Λ.
So, the monodromy acts trivially on the vertices for which the corresponding cycle (of the monad
fk+mα) has length Λ.
By the cycle-length theorem, the length of the cycle (of the monad P = fk+mα) containing a
vertex b of rank r and of order o(b) is equal to the order of the residue k+mα in the Euler group
E(o(b)). Consequently we have proved the
Proposition 3. The monodromy of the cycle-map P :x → xk+mα of an α-component (of fk) acts
trivially on b, that is Mb = PΛb = b, if and only if
(k +mα)Λ ≡ 1 (mod o(b)).
Corollary. If all vertices of the r th floor of a tree of a component (of fk) have the same order
(for instance if k = p is a prime number), then either the monodromy of P acts trivially on all
vertices of the r th floor (M = Id) or it acts nontrivially on all vertices of that floor (M has no
fixed points there).
So, in the case of a vertex of rank r in the graph of the squaring monad f2, we have only to
check if (2 +mα)Λ ≡ 1 (mod 2rα) or not (for the cycle map P :x → x2+mα , with m odd).
Now we will consider only the monodromy on the vertices of rank 2. So, we have to study
only the congruences of the form (2 +mα)Λ ≡ 1 (mod 4α), with m and α odd numbers.
Remark 1. The last congruence shows that, on the second floor vertices, the action of the mon-
odromy of two cycle maps Pm and Pm′ such that m ≡ m′ (mod 4) is exactly the same. So,
essentially, we have to consider only two cases: m = 1 and m = −1. That is, we have to study
only the congruences (2 ± α)Λ ≡ 1 (mod 4α).
Proof of Theorem 6. Let f2 :x → x2 be the squaring monad on any finite group G and Pb =
b2+mα be a cycle-map of the α-components of the monad (of course, α and m should be odd
numbers). Consider an α-component of the monad and let c be a cycle-vertex of it, o(c) = α.
By the Cycle-Lenght Theorem (of Section 3.1), the length Λ of the cycle equals the order of the
element 2 in the Euler group E(α).
Let b be a vertex of rank 1 such that b2 = c. By Theorem 1, the order of b in G equals
o(b) = 2α. The vertex b belongs to a cycle of the monad b → b2+mα (defined by the cycle-map),
whose length Λ̂ is equal to the order of 2 + mα in the Euler group E(2α). Since m is odd, the
congruence (2 +mα)	 ≡ (2 + α)	 (mod 2α), holds for any integer 	. So, o(2 +mα) = o(2 + α)
in E(2α). By Theorem 5, the length Λ̂ (equal to o(2 + α) in E(2α)) is a multiple of Λ.
We will prove that Λ̂ equals Λ. It is evident that (2 + α)Λ ≡ 2Λ + αΛ (mod 2α). Since α is
odd we can write it as α = 2j + 1, implying that αΛ = α(2j + 1)Λ−1 ≡ α (mod 2α). The fact
that 2Λ ≡ 1 (mod α) implies that 2Λ = 1 + nα with n odd. Thus 2Λ + αΛ ≡ 1 + nα + α ≡ 1
(mod 2α), implying that (2 + α)Λ ≡ 1 (mod 2α). So the order Λ̂ of 2 + α in E(2α) equals Λ,
proving the theorem. 
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The following example shows that there exist finite groups for which some component (at
least one) of its squaring monad has nontrivial monodromy.
Example 5. For the squaring monad of the additive group of residues Z28, x → 2x (which is
shown in Fig. 6) there exist cycle-maps having nontrivial monodromy.
In this case |Z28| = 22 · 7. By Theorem 1, the cycle-vertices can only have orders 1 or 7. Thus
the cycle-maps of the 7-components of the monad (whose cycles have period 3 in Fig. 6) are also
big cycle-maps for the whole monad graph, and they are given by Pb = b2+m·7, with m odd.
There are essentially two different cases: m = 1 and m = −1. This follows since the odd
number m can be written as 4	+1 or as 4	−1, with 	 ∈ Z, and the congruences (4	+1) ·7 ≡ 1 ·7
(mod 28) and (4	− 1) · 7 ≡ −1 · 7 (mod 28) hold.
For m = 1, the cycle-map is Pb = b2+7 and the monodromy is Mb = b93 . In this case the
congruences 92 ≡ −3 (mod 28) and −3 · 9 = −27 ≡ 1 (mod 28) imply that the monodromy is
trivial: Mb = b.
For m = −1, Pb = b2−7 and the monodromy is Mb = b−53 , but 52 ≡ −3 (mod 28) and
(−3) · (−5) = 15, implying that Mb = b15. We are considering the additive group Z28, so the
monodromy is just the multiplication by 15, which is nontrivial, since it permutes the vertices of
rank 2 on each tree. For instance, 15 · 3 ≡ 17 (mod 28) and 15 · 17 ≡ 3 (mod 28) – Fig. 6.
For each cycle map of the squaring monad of the Euler group E(125) (see Example 2 and also
Figs. 2 and 3) the monodromy is trivial. Is not difficult to verify this by hand (but it takes some
time). The two propositions below are useful to avoid such calculations. But before, we state a
simple lemma:
Lemma 5. Consider the squaring monad f2 of any finite group and write Λ for the period of the
α-components. Writing α = 4k + , where  equals either 1 or −1 (since α is odd), we have
2Λ ≡ 1 − α (mod 4α).
Proof. By the periodicity relation lemma α divides 2Λ − 1, that is, ∃n such that 2Λ = 1 + αn.
The last equality implies easily that n = 4	 − , for some 	 ∈ Z. Hence we can write 2Λ =
1 + α(4	− ), implying that 2Λ ≡ 1 − α (mod 4α). 
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αr = (4k + )r−1α ≡ r−1α (mod 4α). (2)
Proposition 4. If the period of the attracting cycle of a component of the squaring monad (of any
finite group) is even, then the monodromy of any cycle-map of that component acts trivially on
the second floor.
Proof. Write Λ for the period of the α-components. By Remark 1, we need to prove only the
congruences (2 ± α)Λ ≡ 1 (mod 4α). Since Λ is even, the following congruences mod 4α hold
(using congruence (2)):
(2 ± α)Λ ≡ 2Λ + αΛ ≡ 2Λ + α (mod 4α).
Now, using the congruence of Lemma 5, 2Λ ≡ 1 − α (mod 4α), we obtain the congruence
(2 ± α)Λ ≡ 1 (mod 4α), proving Proposition 4. 
For the cycles of odd period we have the following proposition.
Consider the squaring monad f2 of any finite group.
Proposition 5. If the α-components of f2 have odd period, then there exist a monodromy map
M which acts nontrivially on the vertices of the second floor (if there are second floor vertices).
Such monodromy map M is always an involution on this floor: M2 = Id.
Namely, writing α as α = 4k + , where  equals either +1 or −1, the monodromy map
Mb = b(2+α)Λ , associated to the cycle map Pb = b(2+α), is nontrivial and M2 = Id.
Proof. Write Λ for the period of the α-components. Again, by Remark 1, we need to consider
only the cycle-maps P(±)b = b2±α . Since Λ is odd > 1, the following congruences mod 4α hold
(using congruence (2)):
(2 ± α)Λ ≡ 2Λ + 2αΛ−1 ± αΛ ≡ 2Λ + 2α ± α (mod 4α). (3)
Combining the congruence of Lemma 5 with congruence (3), we get
(2 ± α)Λ ≡ 1 + α( ± 1) (mod 4α).
Taking the monodromy map with sign ‘+’ when  = +1, and with sign ‘−’ when  = −1, we
obtain (2 + α)Λ ≡ 1 + 2α 	≡ 1 (mod 4α). This proves that M acts nontrivially on the second
floor vertices.
The last congruence implies that (2 + α)2Λ ≡ 1 + 4α + 4α2 ≡ 1 (mod 4α), proving that
M2 = Id.
3.4.2. Some explicit examples
Now, we can easily check (even by hand), for the first odd numbers α, which α-components
of the squaring monad f2 present nontrivial monodromy at the second floor.
To simplify, we write o(2,m) for the order of the residue 2 in the Euler group (of resi-
dues) E(m).
For α = 3, the length of the cycle Λ3 = o(2,3) = 2 is even, implying that the monodromy on
the second floor is trivial for any cycle-map (by Proposition 4).
For α = 5, the length of the cycle Λ5 = o(2,5) = 4 is also even, and thus the monodromy of
any cycle-map is trivial on the second floor.
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of any 7-component (of f2) have order 7 · 22 = 28 (by Theorem 1). So, we need to calculate the
numbers o(2 + 7m,28), with m odd (for the cycle-maps Pm :x → x2+7m) and compare them
with the length Λ7 = 3. For m = 1, o(9,28) = 3 = Λ7 so that the monodromy is trivial. But for
m = −1 (or equivalently m = 3) o(−5,28) = o(23,28) = 6 so that the monodromy is not trivial.
Remark. This shows that Example 5 is the “first” example in which the monodromy is not trivial
at the second floor (in the sense that, for the squaring monad f2, 28 is the smallest possible order
of a group which presents nontrivial monodromy at the second floor).
Moreover, our arguments prove that, for any group having elements of order 28, there are
always cycle maps (of the squaring monad) whose monodromy is not trivial at the second floor
of its 7-components. That is, the nontriviality of the monodromy, of a component of fk , depends
only on the arithmetic relations between k and the orders of the elements of that component.
3.5. The symmetry of the inverse element
Theorem 7. Consider the Frobenius monad fk :x → xk of a finite group G.
(a) If an element and its inverse are vertices of the same connected component of the monad fk ,
then for any vertex of this component, its inverse is also a vertex of that component. More-
over, such component satisfies:
(a1) Either the period Λ of its attracting cycle is an even number, or it has period Λ = 1
(whose single cycle-vertex is either the unity element or an element of order 2).
(a2) The inverse of an element of rank r lying on the tree attracted by a cycle-vertex c,
has also rank r and, if Λ 	= 1, it lies on the tree attracted by the “antipodal” cycle-
vertex ck
Λ/2
.
(b) If an element and its inverse lie in different components of the monad, then these components
are isomorphic and each vertex of rank r of one of these components is the inverse element
of some vertex of rank r of the other component.
Proof. The kth powers of two inverse elements are also inverses one to the other. If a vertex and
its inverse lie (or do not lie) in the same connected component then their kth powers also lie (or
do not lie, respectively) in that component. Hence, by Theorem 3 and by the fact that a vertex
and its inverse have the same order, it is enough to prove the theorem for the vertices lying on
the attracting cycles.
The vertices c, ck, ck2 , . . . , ckΛ−1 of an attracting cycle of period Λ, are Λ different elements
of the group G. Thus their inverses are also Λ different elements of G and also form a cycle
of period Λ: (c−1), (c−1)k, (c−1)k2 , . . . , (c−1)kΛ−1 . If these two sets do not coincide, then they
have no common element. We obtain thus part (b) of the theorem.
If these sets coincide and Λ> 1, then c−1 = cki , for some 0 < i <Λ. Hence, 1 = ccki which
implies 1 = ckΛ−i ckikΛ−i = ckΛ−i c. Thus i = Λ− i, that is, Λ is an even number. Since i = Λ/2,
the vertices c and c−1 = cki are “antipodal” in the cycle.
Finally, if the sets considered above coincide and Λ = 1, then c = c−1, that is, c2 = 1 implying
that either c = 1 or o(c) = 2. 
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Example 6. The graph of the squaring monad of the Euler multiplicative group E(31) (of the
ring Z31 = Z/31Z) consists of five connected components (see Fig. 7).
Both cases of Theorem 7 are present in this monad. On one side, the inverse of each element
lying on the component containing the element a = 2 (or d = 30) lies also on that component. In
this case, the period Λ = 4 is even (or Λ = 1, with the cycle-vertex being the unity, respectively).
On the other side, the inverse of each element lying on the connected component containing the
element b = 9 lies on the component containing the element b−1 = 7.
We remark that although the three components whose attracting cycles have period Λ = 4
look similar, the element a = 2 and the elements of its cycle have order 5 (since its inverse is a4)
while the element b = 9 and the elements of its cycle have order 15 (since their order is not 5, it
must divide |E(31)| = 2 · 5 · 3 and the equality 916 = 9 – which follows from the graph – holds).
Corollary (of Theorem 7). For any finite group, the number of components of the monad fk
whose cycle has odd period Λ, with Λ 	= 1, is even.
3.6. The finite number of Frobenius monads
Although the number of Frobenius monads fk :G → G, k ∈ N seems to be infinite, the num-
ber of different Frobenius monads is finite. Moreover, the graphs of several Frobenius monads
are trivial or almost trivial. The following remarks precise this observation.
(a) For each finite group G there is a finite number of Frobenius monads. Namely, if k ≡
	 (mod |G|) then fk = f	. Thus it suffices to consider the monads fk , with k = 0,
1, . . . , |G| − 1.
(b) The graphs of the monads f1 :x → x and f0 = f|G| :x → 1 are trivial. The first one consists
of |G| cycles with a single vertex (one cycle for each element of G) and the second one
consists of one cycle of length 1, framed by an “agave” with |G| − 1 leaves (see Fig. 8).
(c) The graph of the monad f|G|−1 (equivalent to f−1) is almost trivial: it consists of simple
cycles with 1 or 2 vertices (the number of cycles with a single vertex being equal to the
number of self-inverse elements of G: the order 2 elements and the unity).
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(d) The monads f|G|−j (equivalent to f−j ) and fj have the same set of cycle-vertices, since: 1◦
an element of G is a cycle-vertex of the monad fk (k = j or |G| − j ) if and only of its order
is relative prime to k (by Theorem 3); and 2◦ the order of an element of G is relative prime
to j if and only if it is relative prime to |G| − j .
(e) Finally, if (k, |G|) = 1 then the graph of the monad fk consists of simple cycles. This follows
from Theorem 3.
3.7. The unit component and the heart of a monad commuting with conjugation
Definition. Let G be a finite group. The connected component of a monad f :G → G containing
the unity element will be called the unit component and noted by 1f . The set of all cycle vertices
of the monad is called the heart (of the monad), and will be noted by Cf .
The term heart was suggested by E. Ghys (cœur in French).
Notation. Let G be a finite group. We denote by ιx :G → G the inner automorphism associated
to x : ιx : b → xbx−1.
Theorem 8. If a monad f :G → G commutes with all the inner automorphisms ιx , x ∈ G, then
its unit component 1f is a normal subset of G (that, it is invariant by conjugation).
Corollary 1. Let G be a finite simple group and f :G → G be a monad commuting with all inner
automorphisms ιx , x ∈ G. Then either the unit component of the monad f is not a subgroup of
G or it coincides with one of the two trivial subgroups: G or {1}.
Proof. If the unit component of the monad f is a subgroup of G, then it is normal (Theorem 8).
By definition of simple group, the only normal subgroups of G are G itself and {1}. 
To prove Theorem 8 we need the following proposition:
Proposition 6. Let G be a finite group. If an inner automorphism ιx , x ∈ G, commutes with a
monad f :G → G, then ιx maps the monad graph of f isomorphically onto itself.
In particular, ιx sends the unit component to itself and the components of the elements x and
x−1 to themselves. Inside each of these three components, ιx fixes the chain of all successors of 1,
x and x−1, respectively.
Proof. The condition that ιx :G → G commutes with f means that ιx is a morphism of the
monad f . The fact that ιx is a bijection implies that ιx maps the graph of the monad f isomor-
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unity element. 
Proof of Theorem 8. By Proposition 6, all inner automorphisms ιx , x ∈ G, send the unit com-
ponent of f onto itself, that is for all b ∈ 1f and all x ∈ G the element xbx−1 belongs to 1f .
Thus, 1f is normal. 
3.8. The unit component of a Frobenius monad
Consider the Frobenius monad fk on a finite group.
Theorem 9. Each framing (rooted) tree of any component of fk is isomorphic to a (rooted) sub-
tree of the unit component (which is a (rooted) tree). In particular, the number of vertices of each
framing tree is less than or equal to |1fk |.
The proof of Theorem 9 will be given at the end of Section 3.9.
Corollary 2. If the unit component of the Frobenius monad fk consists of the single unity element
then the monad graph of fk consists only of simple cycles.
Theorem 10. Let G be a finite group. The unit component and the heart of any Frobenius monad
fk :G → G are normal subsets of G.
Lemma 6. The set of all elements of a fixed order of a finite group is a normal subset of that
group.
Proof. Let b be an element of order α of a finite group G. For any x ∈ G, the equalities (ιxb)α =
xbαx−1 = 1 imply that o(ιxb) divides α. If β = o(ιxb) were smaller than α then the equalities
xbβx−1 = (ιxb)β = 1 would imply bβ = 1 contradicting the assumption that o(b) = α > β .
Proof of Theorem 10. The statement about the unit component follows from Theorem 8, since
for any x ∈ G the inner automorphism ιx commutes with fk :
fk
(
ιx(b)
) = (xbx−1)k = (xbx−1) · · · (xbx−1) = xbkx−1 = ιx(fk(b)).
The statement about the heart follows from Theorem 3 and Lemma 6. 
Theorem 11. Let G be a finite simple group and fk :G → G be a Frobenius monad. One and
only one of the following three cases holds:
(a) Both the unit component and the heart of the monad are not subgroups of G.
(b) The monad graph of fk consists of the unit component.
(c) The monad graph of fk consists of the heart (only of simple cycles).
Proof. Theorem 11 follows from Corollary 1, Theorem 10 and Corollary 2.
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In this subsection we define some maps (called quotient maps) associated to a Frobenius
monad fk :G → G. These maps have interesting properties: they send the group G onto the unit
component of the monad 1fk , they preserve the ranks of the vertices (in particular, all cycle-
vertices are sent to the unity element) and they preserve the ratios of the orders of the vertices
along each connected component. These maps are very useful for the study of monads of com-
mutative groups.
So consider a Finite group G and a Frobenius monad fk :G → G.
Definition 7. As in Definition 5 (of Section 3.3), we write OG,k for the set of orders of all the
cycle-vertices of the monad fk . Let A be the least common multiple of all numbers αi in OG,k .
For each integer m, with (k,m) = 1, we define the quotient map kQm of the monad fk as the
map sending any vertex b to the vertex kQmb = bmA.
When k and m are fixed and there is no place to confusion we will only write Q instead
of kQm.
Quotient Map Lemma. Let fk :G → G a Frobenius monad of a finite group.
(a) The quotient maps preserve the rank: r(b) = r(Q(b)).
(b) If a vertex b has order 	α (lying in an α-component) then Q(b) has order 	 (that is, the
ratios of the orders of the vertices along each connected component are preserved by Q).
(c) Any framing tree of any component is sent injectively into the unit component 1fk by each
quotient map (moreover, the unit component is sent onto itself ).
Corollary. The rank of any component of fk is less than or equal to the rank of the unit compo-
nent 1fk .
Lemma 7. Each quotient map sends the heart of the Frobenius monad fk :G → G to the unity
element of G.
Proof. The order of any cycle-vertex c divides A (by the definition of the quotient maps), im-
plying that Qc = cnA = 1. 
Lemma 8. If two vertices b 	= b′ of the monad fk have the same kth power (i.e., they lie at the
same floor of the same tree) then Qb 	= Qb′.
Proof of Lemma 8. By quotient map’s definition, the numbers mA and k are relative prime, that
is, there exist integers 1 and 2 such that 1mA+ 2k = 1. Thus the following identities hold
(Qb)1 = b1mA = b1−2k = b · (bk)−2 ,
(Qb′)1 = (b′)1mA = (b′)1−2k = b′ · (bk)−2 .
In consequence, the equality Qb = Qb′ implies the equality b = b′. 
Proof of the Quotient Map Lemma. For the vertices of rank 0, the part (a) of the Quotient Map
Lemma is a consequence of Lemma 7.
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The fact that (mA,k) = 1 implies that mA is not a multiple of o(b), that is, Qb = bmA 	= 1. On
the other hand,
(Qb)k = (bmA)k = (bk)mA = cmA = 1,
implying that r(Qb) = 1.
Let a be a vertex of rank s > 1. We will prove by induction that r(Qa) = s. Suppose that
every vertex b with rank 	  s − 1 satisfies r(Qb) = 	. Since aks is a cycle-vertex, we have
(Qa)k
s = (amA)ks = (aks )mA = 1 which implies r(Qa) s.
The vertex b = ak has rank s − 1 and, by the induction hypothesis, it satisfies the equality
r(Qb) = s − 1. Hence the equalities Q(b) = Q(ak) = (Q(a))k imply that r(Q(a)) = s. Part (a)
is thus proved.
We will prove part (c). Fix an attracted tree X, framing any component of the monad graph.
Lemma 7 and the fact that Q is a monadomorphism of fk imply that the image of X by Q lies
in the unit component of fk .
We will prove by induction that the restriction of Q to the set of vertices of rank s of X is
injective. Part (a) and Lemma 8 imply that the restriction of the quotient map to the set of vertices
of rank 1 of X is injective.
Suppose now that the quotient map is injective on the 	th floor of X for each 	 s − 1. Let b
and b′ be two distinct vertices of rank s in X. Lemma 8 implies that if these two elements have
the same kth power, bk = (b′)k , then Qb 	= Qb′. If they have different kth power, bk 	= (b′)k ,
then Qbk 	= Q(b′)k , since bk and (b′)k have rank s − 1 (we apply the induction hypothesis).
Now Qb 	= Qb′, since Q is a morphism of the monad fk . Part (c) is proved.
It remains to prove part (b). Let b be an element of order 	α, where α is the order of the
vertices lying on the cycle which attracts b. By the definition of the Quotient maps, α divides
A: A = αA1. So, Q(b) = bmA = bmαA1 . Moreover, Theorem 3 and the Quotient maps definition
imply that (	,mA1) = 1.
Let β be the order of Q(b). On one hand, the equalities (Q(b))	 = (b	α)mA1 = 1 imply that β
divides 	. On the other hand, the equalities 1 = (Q(b))β = bβαmA1 imply that 	 divides βmA1.
These divisibility conditions together with the equality (	,mA1) = 1 imply that β = 	. We have
proved the equality o(Qb) = 	. 
Proof of Theorem 9. Let Q be a quotient map of the monad fk . We will prove that the map
Q sends each framing tree isomorphically onto its image (in the unit component). The Quotient
Map Lemma and the fact that Q is a monadomorphism of fk imply that the restriction of Q to
any framing tree is an inclusion of that tree (preserving the ranks) into the unit component. Thus
the number of vertices of each framing tree is less than or equal to |1fk |. 
4. On Frobenius monads of finite commutative groups
The graphs of the Frobenius monads on commutative groups have various structures that are
described by the theorems of this section. Along this section G denotes a finite commutative
group and fk :x → xk denotes the Frobenius kth power operation monad on G.
Theorem 12. The unit component and the heart of the monad fk are subgroups of G. Moreover,
the heart is isomorphic to the quotient group Cfk ∼= G/1fk .
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are isomorphic not only along each component but along the whole graph of the monad.
Theorem 13. Let G be a finite commutative group and k be an integer number, with (k, |G|) 	= 1.
Write C for the biggest factor of |G| satisfying (C, k) = 1 and define B by the equality |G| = BC.
(a) All connected components of the kth Frobenius monad fk consist of one cycle framed by
trees attached to each of their vertices, all such trees being isomorphic to the unit component
(which is a rooted tree).
(b) The sum of the periods of all cycles equals C (that is, |Cfk | = C).
(c) The number of vertices of each framing tree (including the root vertex) is equal to B = |1fk |.
Endomorphism Lemma. If G is a commutative group, then, for any 	 ∈ Z, the map g :G → G,
g :b → b	, is an endomorphism of G.
Proof. The equalities g(ab) = (ab)	 = a	b	 = g(a)g(b) prove the lemma. 
Corollary. The quotient maps of the monad fk are endomorphisms of G.
Proof of Theorem 12. First, the Quotient Map Lemma and the Endomorphism Lemma imply
that the unit component of the monad fk is a subgroup of G.
Next, the kernel of the quotient map is the heart Cfk of the monad. Hence, the Endomor-
phism Lemma and the Quotient Map Lemma imply that Cfk is a subgroup of G, and imply the
isomorphism Cfk ∼= G/1fk . 
Proof of Theorem 13. (a) By Theorem 9 the number of vertices of each framing tree is less
than or equal to |1fk |. The total number of framing trees is equal to |Cfk |. The equality |G| =
|1fk ||Cfk |, obtained from Theorem 12, implies that the number of vertices of any fixed rank
in each framing tree equals the number of vertices of that fixed rank in the unit component.
Moreover, we know (by Theorem 4) that along each connected component of the monad all
framing trees are isomorphic.
Thus all framing trees are isomorphic along the whole graph of the monad.
(b) Since the heart consists of all elements of G whose order is relative prime to k, the
unit component consists of all elements of G whose order divides some power of k and
|G| = |1fk ||Cfk |, we have C = |G|/|1fk | = |Cfk |.
(c) The equality B = |1fk | follows from (b). 
Definition. The n-nary rooted tree of 	 floors T 	n (having n	 vertices) consists of the root vertex
and of 	 floors, such that to each vertex of the ith floor there lead exactly n arrows (from n
vertices belonging to the (i + 1)st floor), for i = 1,2, . . . , 	− 1. The root of a n-nary tree is also
reached by exactly n arrows: one issued from the root itself and the other n − 1 arrows come
from the n− 1 vertices of the first floor.
Examples. The graph of the ‘squaring’ monad, x → 2x, of the additive group Z8 is the binary
tree T 32 – Fig. 9.
The graph of the ‘cubing’ monad, x → 3x, of the additive group Z27 is the 3-nary tree T 33 –
Fig. 9.
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The graph of the ‘4th power’ monad, x → 4x, of the additive group Z16 is the 4-nary tree T 24
– Fig. 9.
In example 4, we have considered the multiplicative Euler group E(17) whose squaring graph
is T 42 (see Fig. 5).
As a complement to Theorem 13 we will say something about the structure of the trees (all
isomorphic to the unit component) of a the Frobenius monad fk of a finite commutative group.
For the squaring monad we already know [1,2] that the framing trees are products of binary trees.
The following proposition extends Arnold’s statement.
Proposition 7. Let G be a finite commutative group and k be an integer number, with
(k, |G|) 	= 1.
(a) If k = p is a prime number, then the unit component (and each framing tree) is isomorphic
to the product of p-nary trees T jp .
(b) For arbitrary k, the unit component (and each framing tree) of the monad fk is isomorphic
to a product pj -nary trees, where the pj s are the prime numbers which are common divisors
of k and |G|.
The proof is based on the decomposition of the unit component 1fk into the product of cyclic
groups.
Example 7. The graph of the Frobenius monad f6 :x → 6x of the additive group Z12 of Fig. 4
is the product of the trees T 22 and T
1
3 .
4.1. Nested sequences of subgroups induced by the Frobenius monads
A Frobenius monad of a commutative group G, for which the unit component is not trivial,
defines two (possibly different) finite nested sequences of subgraphs of the monad graph. We
show that the vertices of each subgraph, of those sequences, are subgroups of G.
Definition. The j th I-subgraph of a monad f is the monad graph consisting of the vertices lying
in the image of G by the j th iteration f j of f , and of the arrows starting at them. We note it
by I jf .
Examples. The zero I-subgraph of a monad graph Γf is the graph Γf itself.
The first I-subgraph of a monad graph Γf is the monad graph obtained from Γf by eliminating
all the extremal vertices (together with the arrows starting at them).
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monad graph Γf is the monad graph obtained from the (j −1)st I-subgraph of Γf by eliminating
all the extremal vertices (together with the arrows starting at them).
So, we have a sequence of nested (included) subgraphs which stabilises at the heart:
Γf = I 0f ←↩ I 1f ←↩ I 2f ←↩ · · · ←↩ IRf = Cf ,
where R  1 is the highest rank among the vertices of Γf .
Definition. The r th K-subgraph of a monad graph Γf is the monad graph consisting of the
vertices of Γf (and of the arrows starting at them) whose rank is at most r . We note it by Krf .
Examples. The zero K-subgraph of a monad graph is the heart of that monad.
The first K-subgraph of Γf of the heart together with the first floor vertices of Γf (and with the
arrows starting at them).
Example. A K-subgraph of Γf may be obtained also by eliminating the extremal vertices of
highest rank, that is, by eliminating the highest floor (so, not necessarily all extremal vertices are
eliminated). Say, if R  1 is the highest rank among the vertices of Γf , then eliminating the Rth
floor we obtain the (R − 1)st K-subgraph of Γf . Now, eliminating the extremal vertices of the
(R − 1)st floor from the obtained K-subgraph, we obtain the (R − 2)nd K-subgraph. Continuing
this process, we come to the zero K-subgraph of Γf (the heart) from which we can’t eliminate
nothing, since the heart has no extremal vertices.
Here, we have also a sequence of nested (included) subgraphs, but it stabilises at the monad
graph Γf :
Cf = K0f ↪→ K1f ↪→ K2f ↪→ ·· · ↪→ KRf = Γf ,
where R  1 is the highest rank among the vertices of Γf .
Example 8. Consider the monad graph of the Frobenius map f6 :x → 6x of the additive group
Z12. The sequences of subgraphs I jf and K
r
f of the monad graph Γf6 are depicted in Fig. 10,
showing that, in general, these sequences do not coincide.
Fig. 10. The sequences of subgraphs I j
f
and Kr
f
of the monad graph of x → 6x for the additive group Z12.
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(a) For any j ∈ N, the vertices of the j th I-subgraph of Γfk form a subgroup of G.
(b) For any r ∈ N, the vertices of the r th K-subgraph of Γfk form a subgroup of G.
Hence, these two sequences of nested monad subgraphs of Γf , {I jf } and {Krf }, define two
sequences of nested subgroups of G.
Proof. (a) By the endomorphism lemma, the first I-subgraph of the monad fk is the homo-
morphic image in G (by fk) of the group G (since G is commutative). Hence it is a subgroup
of G. Similarly, the j th I-subgraph of Γfk is the homomorphic image of the j th iteration of fk ,
f
j
k = fkj . 
To prove (b), we will need to introduce a definition:
Definition 8. For each nonnegative integer r , the r th quotient map Rr of fk is defined by the
composition of the r th iteration of the monad map fk , f rk = fkr , with the usual quotient map:
Rr = f rk (Q) = Q(f rk ).
Example. The zero quotient map is just the usual quotient map of Definition 7.
Proof. (b) The zero K-subgraph of Γfk (the heart of Γfk ) is a subgroup of G (as we have seen
in Theorem 12), since it is the kernel of the quotient map (which is a endomorphism). Similarly,
the r th K-subgraph of Γfk is the kernel of the r th quotient map, which is also an endomorphism
(by endomorphism lemma), proving that Krf is also subgroup of G. 
5. On the Frobenius monads of SL2(Fp)
Here, we apply one of our theorems to the study of some properties of the non commutative
groups SL2(Fp), where p is a prime number.
Theorem 15. In the group SL2(Fp), there are exactly p + 1 subgroups of order p. In particular,
the number of primitive p-roots equals
#(A: Ap = 1, A 	= 1) = p2 − 1.
In other words, the first floor of the unit component of the Frobenius monad fp :x → xp
consists of p2 − 1 vertices, and hence the unit component contains p2 vertices.
Proof. The well known fact that |SL2(Fp)| = (p− 1)p(p+ 1) and Sylow’s theorems imply that
the number of p-groups in SL2(Fp) is congruent to 1 modulo p and divides (p − 1)(p + 1). If
this number were 1, then the single p-group of SL2(Fp) would coincide with the unit component
of the monad fp :x → xp . By Theorem 11, this contradicts the fact that PSL2(Fp) is a simple
group. Hence the number of p-groups in SL2(Fp) (and in PSL2(Fp)) is p + 1.
Now, since p is prime, all elements A of these p-groups (excepted the unity element) have
order p, Ap = 1. The total number of those elements is therefore (p + 1)(p − 1) = p2 − 1.
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